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Abstract
Kapustin-Witten (KW) equations are encountered in the localization of the topological
N = 4 SYM theory. Mikhaylov has constructed model solutions of KW equations for
the boundary ’t Hooft operators on a half space. Direct proof of the solutions boils down
to check a boundary condition. There are two computational difficulties in explicitly
constructing the solutions for higher rank Lie algebra. The first one is related to the
commutation of generators of Lie algebra. We derive an identity which effectively reduces
this computational difficulty. The second one involves the number of ways from the
highest weights to other weights in the fundamental representation. For ADE-type gauge
groups, we find an amazing formula which can be used to rewrite the solutions of KW
equations. This new formula of solutions bypass above two computational difficulties.
We also discuss this formula for all minuscule representations and none simple lattice Lie
algebras.
1 Introduction
The maximally supersymmetric Yang-Mills theory in four dimensions can be twisted in
three ways to obtain topological field theories. One of the twists called the GL twist[1]
appears to be relevant for the geometric Langlands program. It can be applied to the
description of the Khovanov homology of knots [2, 3, 4]. The Chern-Simons theory is
effectively induced on the boundary of a four-dimensional manifold. The supersymmetry
conditions lead to the generalized Bogomolny equations [1] which is called Kapustin-
Witten (KW) equations now.
As described in [3], on a half space V of the form V = R3 × R+, the KW equations
are
F − φ ∧ φ+ ∗dAφ = 0 = dA ∗ φ , (1.1)
where dA is the covariant exterior derivative associated with a connection A, and φ is
one-form valued in the adjoint of the gauge group G. Different reductions of the KW
equations lead to other well known equations e.g., Nahm’s equations, Bogomolny equa-
tions or Hitchin equations. Through electric-magnetic duality, the natural Chern-Simons
observables correspond to the boundary ’t Hooft or surface operators in four dimensional
gauge theory. These operators are defined by prescribing the singular behavior of the
fields as the supersymmetry boundary conditions in the model.
These model solutions with ’t Hooft operator as boundary conditions were first dis-
cussed in [3] for SU(2) gauge group. The boundary conditions and solutions were studied
further in [5]. For higher rank groups, solutions were constructed for special values of the
magnetic weight in [6]. For any simple compact gauge group, after reducing to a Toda
system, [7] V.Mikhaylov conjectured a formula of the model solutions for the boundary
’t Hooft operator with general magnetic weight. Model solutions for the SU(n) groups
were also obtained in [7] for the boundary surface operator. For other related work on
these equations, see[8][9][10][11][12].
Proof of the conjecture of the solutions requires to check a boundary condition. This
has been completed for SU(n) group in [7]. In order to check the boundary condition, we
need construct the solutions explicitly. Unfortunately, there are two ’NP’-like computa-
tional difficulties with the increasing rank of Lie algebra. One difficulty is related to the
commutation of generators of Lie algebra. Another difficulty involves the number of paths
from the highest weight to an arbitrarily weight in the fundament representation. The
purpose of the study is to resolve these computational difficulties. In section 2, we review
the construction of the time independent solutions with boundary ’t Hooft operators. The
KW equations are reduced to a Toda system. The formula of the solutions was conjec-
tured in a simple way by matching boundary conditions of the half space by Mikhaylov
in [7]. In section 3, we illustrate the construction of the solutions precisely through an
example. Then we derive an identity using the characteristics of Lie algebra. This iden-
tity effectively reduces the computational difficulty of the commutation of operators. The
another difficulty, related to the ways from the highest weight to a certain weight in the
fundament representation, is shown by an example. In section 4, for the Lie algebras of
ADE type, we find an amazing formula which can be used to reformulate the solutions
of KW equations. We have checked this formula for all the solutions constructed in [7].
There are similar results for all minuscule representations. We also discuss this formula
for none simple lattice Lie algebras. In the appendix, more ’t Hooft operator solutions
are collected, checked by different methods.
1
2 Kapustin-Witten equations and the boundary condi-
tions
We take V to be the half space x3 ≥ 0 in a Euclidean space with coordinates x0, · · · , x3.
The boundary ’t Hooft operator lies along the line x1 = x2 = x3 = 0. In [7], Mikhaylov
reduced the Kapustin-Witten equations to a Toda systems, and then conjectured a formula
of the solutions. In this section, we review this formula following [7] closely to which we
refer the reader for more details.
2.1 Reduction of the KW equations
For time-independent solutions, one can set A0 = φ3 = 0 [3], simplifying the KW equa-
tions drastically. We denote the three spacial coordinates by x1 + ix2 = z, x3 = y and
define the following three operators
D1 = 2∂z¯ + A1 + iA2 ,
D2 = ∂y + A3 − iφ0 ,
D3 = φ1 − iφ2 . (2.1)
Then the KW equations (1.1) take the form
[Di,Dj] = 0 , i, j = 1..3 , (2.2)
3∑
i=1
[Di,D†i ] = 0 . (2.3)
Eqs.(2.2) are invariant under the complexified gauge roup GC. For this complexified gauge
group, Eq.(2.3) can be interpreted as a moment map constraint [3]. Concretely, Eq.(2.3)
take the form
4Fzz¯ + [ϕ, ϕ
†]− 2iD3φ0 = 0 , (2.4)
where ϕ = φ1 − iφ2.
For the solution of Eqs.(2.2), one can take a complex gauge transformation in which
A1 + iA2 = A3 − iφ0 = 0. Then these equations imply that ϕ is holomorphic and
independent of y. Assuming ϕ0(z) is a solution of Eq.(2.2), one can apply a holomorphic
gauge transformation g(z) : C → GC to it and substitute the resulting solution into the
moment map equation (2.3), then
4∂z
(
∂z¯h h
−1
)
+ [ϕ†0(z), hϕ0(z)h
−1] + ∂y
(
∂yh h
−1
)
= 0 , (2.5)
where h = g†g. Let h ⊂ gC be a real Cartan subalgebra of the split real form of gC. If we
take g = exp(Ψ) for Ψ ∈ h, this equation reduce to
∆3dΨ+
1
2
[ϕ†0(z), e
2Ψϕ0(z)e
−2Ψ] = 0 . (2.6)
In the Chevalley basis of Lie algebra g, for a simple roots αi, denote the corresponding
raising and lowering operators by E±i , and the corresponding coroots by Hi. Then the
commutation relations of these operators are
[E+i , E
−
j ] = δjiHj, [Hi, E
±
j ] = ±AjiE±j , [Hi, Hj] = 0. (2.7)
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The ’t Hooft operators correspond to elements of the cocharacter lattice Γ∨ch ∈ h which
is the lattice of homomorphisms Hom (C∗, GC). Let g(z) = exp
ω ln z, ω =
∑
i kiHi ∈ Γ∨ch
be such a homomorphism. Using Weyl equivalence, one can transform ω to the positive
Weyl chamber such that
ri = αi(ω) ≥ 0 . (2.8)
Since the lattice Γ∨ch lies inside the dual root lattice Γ
∗
r, the numbers ri are integer.
One can take the solution of the holomorphic equations (2.2) to be of the form
ϕ0(z) = g(z)ϕ1g
−1(z) (2.9)
where ϕ1 =
∑
iE
+
i is a representative of the principal nilpotent orbit in the algebra. By
using the commutation relations (2.7), the above formula become
ϕ0(z) =
∑
i
zriE+i (2.10)
which defines what we mean by a ’t Hooft operator inserted at z = 0 in the boundary
y = 0. For this solution, with a real gauge transformation g = exp(Ψ), Ψ ∈ h, the fields
become
Aa = −iǫab∂bΨ , a, b = 1..2 ,
φ0 = −i∂yΨ , A3 = 0 ,
ϕ = eΨϕ0e
−Ψ . (2.11)
On taking a change of variables Ψ = 1
2
∑
i,j A
−1
ij Hiψj, Eq.(2.6) can be written in the form,∑
j
A−1sj ∆3dψj − r2rseψs = 0 . (2.12)
A convenient parameterization
ψi = qi − 2mi log r , mi = ri + 1 , (2.13)
which brings Eq.(2.12) to the scale invariant form. For the scale invariant solutions, qi
depend only on the ratio y/r. Setting y/r = sinh σ, then Eq.(2.12) gives the Toda form[13]
q¨i −
∑
j
Aije
qj = 0 , (2.14)
where the dots denote derivatives with respect to σ.
Boundary conditions:
To find the solutions, the boundary conditions must be fixed in order. The boundary
condition on the plane y = 0 away from the defect is determined by prescribing the
singular behaviour of the fields [3, 15]. In the model solution, the gauge field is A0 =
A1 = A2 = A3 = 0, the normal component of one form is φ3 = 0, and the tangent
components of the one-form behave as follows
φ0 =
t3
y
, ϕ =
t1 − it2
y
(2.15)
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where ti ∈ gC are the images of a principle embedding of the su(2) subalgebra. This
conjugacy class can be take as follows
t3 =
i
2
∑
i
BiHi ,
t1 − it2 =
∑
i
√
BiE
+
i (2.16)
with Bi = 2
∑
j A
−1
ij [14]. If δ
∨ ∈ h is the dual of the Weyl vector with αi(δ∨) = 1, then
t3 = iδ
∨.
Let ∆s, s = 1, . . . rank(g), be the set of weights of the fundamental representations ρs
of the Lie algebra gC, and Λs be the highest weight. Then weight w ∈ ∆s of level n(w)
can be represented as
w = Λs −
n(w)∑
l=1
αjl , αi ∈ ∆ . (2.17)
The lowest weight can be formulated as Λ˜i = Λi−
∑
j njαj which relates to the height Bi
as follow
Bi =
∑
j
nj. (2.18)
By following [3], the Toda system Eq.(2.14) have a simple exact solution,
qi = −2 log sinh σ + logBi . (2.19)
Then the corresponding fields in Eq.(2.11) are
Aa = iǫab
xb
r2
ω , φ0 =
i
2y
∑
i
BiHi , ϕ =
1
y
∑
i
(z/z¯)ri/2B
1/2
i E
+
i . (2.20)
This solution is singular at r = 0. A gauge transformation g˜ = (z¯/z)ω/2 brings it to the
form of Eq.(2.15)
Aa = 0 , φ0 =
i
2y
∑
i
BiHi , ϕ =
1
y
∑
i
B
1/2
i E
+
i . (2.21)
In order to satisfy the boundary condition at σ → 0, the functions qi should approach the
model solution (2.19),
σ → 0 : qj = −2 log σ + logBj + . . . . (2.22)
In the parametrization χi =
∑
j A
−1
ij qj , this boundary condition can be expressed as
σ → 0 : e−χi = σBi
∏
k
B
−A−1
ik
k + . . . → 0 . (2.23)
For σ →∞, the fields must be non-singular along the line r = 0,
σ →∞ : qi = −2miσ + log(4Cj) + O(e−σ) , mi = ri + 1 ,
where constants Cj are fixed by the boundary conditions at σ = 0. The last term O(e
−σ)
is determined by the general properties of the open Toda systems Eq.(2.14). In terms of
variables χi the boundary condition is [16]
σ →∞ : χi = −2λiσ + ηi +O(e−σ) , (2.24)
where ηi are functions of constants Cj , and λi =
∑
j A
−1
ij mj .
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2.2 The Solutions
Setting χ =
∑
i χiHi and ωˆ =
∑
i λiHi, in terms of the notations of the previous subsec-
tion, one have
ωˆ = ω + δ∨ . (2.25)
Since ri = αi(ω), αi(δ
∨) = 1, one have
mi ≡ ri + 1 = αi(ωˆ). (2.26)
In [7], firstly, Milkhaylov constructed a solution starting from ‘initial values’ at σ →∞
(2.24). The constants Cj can be fixed by matching the boundary condition on the other
side (2.23). Solution of the open Toda system (2.14) at time σ is related to solution at
the different time τ [17, 18]
e−χs(σ) = e−χs(τ)〈Λs| exp
[
(τ − σ)χ˙(τ) +√−1(τ − σ)
∑
j
eqj(τ)/2(E+j + E
−
j )
]
|Λs〉
where |Λs〉 is the highest weight vector of unit norm in the representation ρs. By using
the above formula, functions χi(σ) can be determined by taking the limit τ to infinity
and to fit the boundary conditions (2.23),
e−χs(σ) = lim
τ→∞
e2λsτ−ηs〈Λs| exp
[
2(−τ + σ)ωˆ + τ
∑
j
e−mjτ
√−4Cj(E+j + E−j )
]
|Λs〉 .
(2.27)
The following formula can be used to calculate the above limit explicitly
eA+B =
∑
m
∫ 1
0
dtm
∫ tm
0
dtm−1· · ·
∫ t2
0
dt1e
(1−tm)ABe(tm−tm−1)AB . . .Bet1A . (2.28)
By choosing operators A = τ
∑
j e
−mjτ
√−4CjE−j , B = 2(−τ + σ)ωˆ, Eq.(2.28) leads to
eA+B|Λ〉 =
∞∑
m=0
m∑
k=0
eAk
1∏
j 6=k(Ak − Aj)
B . . .B|Λ〉.
Upon substituting operators A and B, this formula can be written in a compact form
e−χs(σ) = e−ηs
∑
w∈∆s

exp (2σw(ωˆ)) 〈vw(ωˆ)|vw(ωˆ)〉(−1)n(w) n(w)∏
l=1
Cjl

 , (2.29)
where the vector |vw(ωˆ)〉 is
|vw(ωˆ)〉 =
∑
s
n(w)∏
a=1
1
w(ωˆ)− wa(ωˆ)E
−
jn(w)
. . . E−j1|Λ〉 . (2.30)
The notation s enumerate ways from the highest weight Λ to a certain weight w, corre-
sponding to a sequence Λ = w1, w2, . . . , wn(w), wn(w)+1 = w .
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The constants Ci are fixed by matching the boundary condition Eq.(2.23)
∑
w∈∆s

〈vw(ωˆ)|vw(ωˆ)〉(−1)n(w) n(w)∏
l=1
Cjl

 = 0 .
In [7], Mikhaylov made the following conjecture
Ci =
∏
βj∈∆+
(βj(ωˆ))
2〈αi,βj〉/〈βj ,βj〉 , (2.31)
where ∆+ is the set of positive roots. After substituting the explicit expression of the
constants ηi in terms of Cj, Eq.(2.29) becomes
e−χs(σ)
= 2−Bs
∑
w∈∆s

exp (2σw(ωˆ)) 〈vw(ωˆ)|vw(ωˆ)〉 (−1)n(w) ∏
βa∈∆+
(βa(ωˆ))
−2〈w,βa〉/〈βa,βa〉


=
∑
w∈∆s
Qiw(ωˆ) exp (2σw(ωˆ)) (2.32)
with a Weyl invariant form Qiw(ωˆ). For the An algebra, this above formula has been
proved in [7]. Since the fundamental representations of An are minuscule, the coefficients
Qiw(ωˆ) can be restored from the highest weight term by Weyl transformations. Then the
rewritten formula is simple enough to check the boundary condition (2.23) directly.
3 Check of the boundary condition
In the first subsection, we refine the factor Fw in the solutions. In the second subsection,
we show the check of the boundary condition Eq.(2.32) through an example. In the third
subsection, we derive an identity which effectively simplifies the commutation work of
generators of Lie algebra.
Firstly, we summarize the results in the previous section. The ’t Hooft operator
correspond to cocharacter ω ∈ Γ∨ch. Let ∆ be the set of simple roots αi, and then
αi(ωˆ) = mi with ωˆ ≡ ω + δ∨. Eα are the raising generators corresponding to the simple
roots, and then the explicit fields on the solution are
φ0 = − i
2ρ
∂σχ(σ) ,
ϕ =
1
r
∑
α∈∆
exp
[
α(iωθ +
1
2
χ(σ))
]
Eα ,
A = −i
(
ωˆ +
1
2
y√
y2 + r2
∂σχ(σ)
)
dθ ,
where χ(σ) =
∑
χi(σ)Hi. The functions χi(σ) are conjectured in Eq.(2.32). In order to
prove this conjecture, we need to check the following boundary condition Eq.(2.23)
σ → 0 : e−χs(σ) = 0. (3.1)
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For a weight w =
rank(g)∑
i=1
λiωi in a fundament representation of g, we introduce the
following notations
Ew = exp(2σw(ωˆ))(−1)n(w)
Ww = 〈υw(ωˆ)|υw(ωˆ)〉 (3.2)
Fw =
∏
βa∈∆+
(βa(ωˆ))
−2〈w,βa〉/〈βa,βa〉
which lead to
e−χs(σ) = 2−Bs
∑
w∈∆s
[Ew ·Ww · Fw] . (3.3)
3.1 The factor Fw
We can refine the factor Fw in Eq.(3.3) further. For the simple root αi and the fundamental
weight ωi, we have the following identities
〈ωi, α∨j 〉 = δi,j, αi =
∑
j
Aijωj.
Therefore, the inner product of the positive root βa =
rank(g)∑
i=1
aiαi is
〈βa, βa〉 =
rank(g)∑
i=1
rank(g)∑
j=1
aiaj〈αi, α∨j
|αj|2
2
〉 =
rank(g)∑
i=1
rank(g)∑
j=1
aiajAij
|αj |2
2
.
Another two factors in Fw are
〈w, βa〉 =
rank(g)∑
i=1
ai〈w, α∨i
|αi|2
2
〉 =
rank(g)∑
i=1
aiλi
|αi|2
2
, βa(ωˆ) =
rank(g)∑
i=1
aiαi(ωˆ) =
rank(g)∑
i=1
aimi.
Substituting the above results into Eq.(3.2), we have
Fw =
∏
βa∈∆+
(βa(ωˆ))
−2〈w,βa〉/〈βa,βa〉 =
∏
βa∈∆+
(
rank(g)∑
i=1
aimi)
−2
rank(g)∑
i=1
aiλi|αi|
2
rank(g)∑
i=1
rank(g)∑
j=1
aiajAij |αj |
2
. (3.4)
For ADE groups, all the positive roots have the same length with 〈βa, βa〉 = 2. We can
simply the factor Fw further
Fw =
∏
βa∈∆+
(βa(ωˆ))
−2〈w,βa〉/〈βa,βa〉 =
∏
βa∈∆+
(
rank(g)∑
i=1
aimi)
−
rank(g)∑
i=1
aiλi
(3.5)
This compact form only involves basic dates and simple algebraic calculation of Lie algebra
g, which is convenient for computer program to work on.
In section 4, we will find that there is a close relationship between the term Ww and
term Fw for Lie algebras of ADE type, which can be used to rewrite the solutions.
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3.2 Example: fundament representation ρ1 of A2.
The highest weight is Λ1 = [1, 0]
[1, 0]
α1→ [−1, 1] α2→ [0,−1]. (3.6)
There are three weights [1, 0], [−1, 1], [0,−1] in the fundament representation ρ1. Accord-
ing to Eq.(2.18), we have B1 = 2. The Cartan matrix of A2 is
A =
(
2 −2
−1 2
)
which leads to (
α1
α2
)
=
(
2ω1 − 2ω2
−ω1 + 2ω2
)
.
The positive roots are ∆+ = {α1, α2, α1+α2} with lengths |α2|2 = |α1|2 = |α1+α2|2 = 2.
For a general weight w = λ1ω1 + λ2ω2, using Eq.(2.26), we have
w(ωˆ) = (λ1ω1 + λ2ω2)(ωˆ) = (λ1, λ2)A
−1
ij
(
α1(ωˆ)
α2(ωˆ)
)
= (λ1, λ2)
(
2
3
m1 +
1
3
m2
1
3
m1 +
2
3
m2
)
.
First, we calculate the factor Fw =
∏
βa∈∆+
(βa(ωˆ))
−2〈w,βa〉/〈βa,βa〉 in Eq.(2.32). For the
positive roots α1, α2 in ∆+, we have
β1 = α1 : (α1(ωˆ))
−〈ω,α∨1 〉 = m−λ11
β2 = α2 : (α2(ωˆ))
−〈ω,α∨2 〉 = m−λ22 (3.7)
For the third positive root β3 = α1 + α2, we have
〈w, α1 + α2〉 = λ1 + λ2
which leads to
β3 = α1 + α2 : ((α1 + α2)(ωˆ))
−2〈w,α1+α2〉/〈α1+α2,α1+α2〉 = (m1 +m2)
−(λ1+λ2). (3.8)
Combining Eq.(3.7) and Eq.(3.8), for a general weight w = λ1ω1 + λ2ω2, we have
Fw =
1
mλ11 m
λ2
2 (m1 +m2)
λ1+λ2
(3.9)
which is consistent with the formula (3.5).
Next, for each weight w, we calculate terms Ew, Ww, and Ew ·Ww · Fw in Eq.(3.2).
For the highest weight Λ, we have
E+i |Λ〉 = 0, Hi|Λ〉 = λi|Λ〉.
The following commutation relationship will be used frequently
〈Λ|E+i E−i |Λ〉 = 〈Λ|[E+i , E−i ] + E−i E+i |Λ〉 = 〈Λ|Hi + E−i E+i |Λ〉 = λi.
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• [1, 0]: the level is n([1, 0]) = 0. We have
W[1,0] = 〈Λ|Λ〉 = 1,
and
E[1,0] = exp[2σ([1, 0])(ωˆ)](−1)0 = exp[2
3
σ(2m1 +m2)].
According to Eq.(3.2), we get
F[1,0] =
1
(m1)(m2 +m1)
. (3.10)
Combining the above three factors, we have
E[1,0] ·W[1,0] · F[1,0] = exp[2
3
σ(2m1 +m2)]
1
m1(m2 +m1)
. (3.11)
• [−1, 1]: the level is n([−1, 1]) = 1. We have
E[−1,1] = exp[2σ([−1, 1])(ωˆ)](−1)1 = −exp[2
3
σ(−m1 +m2)].
According to Eq.(3.2), we get
F[−1,1] =
m1
m2
. (3.12)
The vector corresponding to [−1, 1] is
|υ[−1,1](ωˆ)〉 = 1
([1, 0])(ωˆ)− ([−1, 1])(ωˆ)E
−
α1
|Λ〉 = 1−m1E
−
α1
|Λ〉.
And the inner product of this vector is
W[−1,1] = 〈υ[−1,1](ωˆ)|υ[−1,1](ωˆ)〉 = 〈Λ|E+α1
1
−m1 |
1
−m1E
−
α1 |Λ〉 =
1
m21
〈Λ|Hα1|Λ〉 =
1
m21
.
Combining the above three factors, we have
E[−1,1] ·W[−1,1] · F[−1,1] = −exp[2
3
σ(−m1 +m2)] 1
m1m2
(3.13)
• [0,−1]: the level is n([0,−1]) = 2. We have
E[0,−1] = exp[−2
3
σ(m1 + 2m2)](−1)2.
According to Eq.(3.2), we get
F[0,−1] = m2(m1 +m2). (3.14)
The vector corresponding to [−1, 1] is
|υ[0,−1](ωˆ)〉 = 1
w(ωˆ)− w2(ωˆ) ·
1
w(ωˆ)− w1(ωˆ)E
−
α2
E−α1 |Λ〉
=
1
−m2 ·
1
−m1 −m2E
−
α2
E−α1 |Λ〉.
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The conjugate vector is
〈υ[0,−1](ωˆ)| = 〈Λ|E+α1E+α2
1
m2(m1 +m2)
.
And the inner product is
W[0,−1] = 〈υ[0,−1](ωˆ)|υ[0,−1](ωˆ)〉
=
1
(m2(m1 +m2))2
〈Λ|E+α1E+α2E−α2E−α1 |Λ〉
=
1
(m2(m1 +m2))2
.
Combining the above results, we have
E[0,−1] ·W[0,−1] · F[0,−1] = exp[2
3
σ(m1 + 2m2)]
1
m2(m1 +m2)
. (3.15)
Substituting Eqs.(3.11), (3.13), and (3.15) to the formula (3.2), we have
e−χ1(σ) = 2−2(E[1,0] ·W[1,0] · F[1,0] + E[−1,1] ·W[−1,1] · F[−1,1] + E[0,−1] ·W[0,−1] · F[0,−1])
=
1
4
(
exp[2
3
σ(2m1 +m2)]
m1(m2 +m1)
− exp[
2
3
σ(−m1 +m2)]
m1m2
+
exp[2
3
σ(m1 + 2m2)]
m2(m1 +m2)
)
which is consistent with the result in [7]. It is easy to check that the above formula satisfy
the boundary condition Eq.(3.1)
σ → 0 : e−χ1(σ) = 0.
From the above derivations, we find that the calculation of the commutation of oper-
ators in Ww is a boring job for checking the boundary condition Eq.(2.32). In a similar
situation, it is unrealistic for a personal computer to work out the inner product of a
state, with more than ten Virasoro operators Ln acting on the highest weight state, in
finite time. There is another computation difficulty in Ww. In this example there is only
one way reaching a weight from the highest weight. With the rank of Lie algebra g in-
creasing , the number of weights as well as the number of ways reaching a weight increase
rapidly. As a result, the calculation work increases rapidly if realizing the commutation
of operators directly. This will become clear in an example in the next subsection.
3.3 The vanishing factor
In this subsection we derive an identity to reduce the commutation work of generators
of Lie algebra in the factor Ww. For the highest weight Λ = Σaλaωa, according to the
commutation relations (2.7), we have the following basic identity,
E+a E
−
jn
E−jn−1 · · ·E−j1|Λ〉 = (δa,jnHa + E−jnE+a )E−jn−1 · · ·E−j1|Λ〉
=
n∑
i=1
E−jnE
−
jn−1
· · · δa,jiHaEˆ−jiE−ji−1 · · ·E−j1 |Λ〉 (3.16)
=
n∑
i=1
δa,ji(λa − (
i−1∑
i=1
Ajl,a))E
−
jn
E−jn−1 · · · Eˆ−jiE−ji−1 · · ·E−j1 |Λ〉
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where the hat means omitting the corresponding term. In a special case,
E+i (E
−
i )
n|Λ〉 = (Hi + E−i E+i )(E−i )n−1|Λ〉
=
n−1∑
i=1
(E−i )
lHi(E
−
i )
n−1−l|Λ〉
=
n−1∑
i=1
(E−i )
l(λi − (n− 1− l)Aii)(E−i )n−1−l|Λ〉 (3.17)
= n(λi − (n− 1))(E−i )n−1|Λ〉.
We can generalize the identity (3.16) further. The following identity is one of the main
results we get in this paper.
Proposition 1 For the highest weight Λ = Σaλaωa, we have
E+i (E
−
i )
n
m∏
i=1
E−jb)|Λ〉 = n(λi−(n−1)−
m∑
b=1
Ajb,i)(E
−
i )
n−1
m∏
i=1
E−jb)|Λ〉+(E−i )nE+i
m∏
i=1
E−jb)|Λ〉
Proof : According to Eq.(3.17), we have
L.H.S =
n−1∑
a=0
(E−i )
aHi(E
−
i )
n−1−a
m∏
i=1
E−jb)|Λ〉+ (E−i )nE+i
m∏
i=1
E−jb)|Λ〉
=
n−1∑
a=0
(E−i )
a(λi − (n− 1− a)Aii −
m∑
b=1
Ajb,i)(E
−
i )
n−1−a
m∏
i=1
E−jb)|Λ〉
+(E−i )
nE+i
m∏
i=1
E−jb)|Λ〉
= n(λi − (n− 1)−
m∑
b=1
Ajb,i)(E
−
i )
n−1
m∏
i=1
E−jb)|Λ〉+ (E−i )nE+i
m∏
i=1
E−jb)|Λ〉.
Q.E.D
When n = 0, this formula reduce to Eq.(3.16). When m = 0, we recover Eq.(3.17). An
important fact that we find is that the following factor
(λi − (n− 1)−
m∑
b=1
Ajb,i) (3.18)
vanish from time to time. When this factor is zero, the first term on the right hand
side of the formula in Proposition 1 can be omitted, decreasing the commutation work of
operators in Ww greatly.
Before illustrating the vanishing property of the factor (3.18), we introduce a fact
which is helpful in the practical computation.
Proposition 2 Λi = [0, · · · , 1, · · · , 0] is the highest weight of the fundament representa-
tion ρi. We introduce the following state
|νw(ωˆ)〉 = f(E−∗ )E−j |Λi〉, i 6= j
where f is a polynomial function of the generators of Lie algebra g. For arbitrary states
〈g(E+∗ )|, we have
〈g(E+∗ )|νw(ωˆ)〉 ≡ 0.
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1
1
2
2
1
1
2
2
1
112 80, 1<83, -1<
81, 0<8-1, 1<
8-3, 2<
82, -1<
80, 0<
8-2, 1<
83, -2<
81, -1<8-1, 0<8-3, 1<80, -1<
Figure 1: Weights in the fundament representation ρ2 of G2. The number i on the arrow
stand for −αi.
Proof : First, we commutate all these operators in f(E−∗ ) sequentially to the left side of
all E+∗ in g(E
+
∗ ). According to the following identity
HkE
−
kn
· · ·E−k1 |Λ〉 = ckE−kn · · ·E−k1|Λ〉,
operators Hk, appearing in the commutation [E
+
k , E
−
k ], can be seen as a undetermined
constants ck. Finally, operator E
−
∗ annihilate the lowest weight sate 〈Λ|. Then only the
operators E+∗ and E
−
j are left. If no operator E
+
j is left acting on E
−
j |Λi〉, the operator
E−j will commutate all the operators E
+
∗ and annihilate the state 〈Λ| which leads to the
conclusion. If at least one E+j is left, we have
〈g(E+∗ )|νw(ωˆ)〉 = 〈· · ·E+j E−j |Λi〉 = 〈· · · (Hj + E−j E+j )|Λi〉 = 0.
where Hj|Λi〉 = 0 because of i 6= j and E+j annihilate the highest weight state |Λi〉.
Q.E.D
Next, we give an example to illustrate the vanishing property of factor (3.18).
Example: As shown in Fig.(1), there are four paths reaching weight [−3, 1] from the
highest weight Λ = [0, 1]. The path that will be handed by us is
[0, 1]
α2→ [3,−1] α1→ [1, 0] α1→ [−1, 1] α1→ [−3, 2] α2→ [0, 0]
α1→ [−2, 1] α2→ [1,−1] α1→ [−1, 0] α1→ [−3, 1].
The Cartan matrix of G2 is
A =
(
2 −1
−3 2
)
.
We calculate the following inner product which is the denominator of W[−3,1]. Using
proposition 1, performing the action of operators E+∗ sequentially, we have
W
′
[−3,1] = 〈Λ|E+2 (E+1 )3E+2 E+1 E+2 (E+1 )2|(E−1 )2E−2 E−1 E−2 (E−1 )3E−2 |Λ〉
= 〈Λ|E+2 (E+1 )3E+2 E+1 E+2 E+1 {(−2− 2(2A21 + 4A11))︸ ︷︷ ︸
0
E−1 E
−
2 E
−
1 E
−
2 (E
−
1 )
3E−2
+(E−1 )
2E−2 (−2A21 − 3A11)︸ ︷︷ ︸
0
E−2 (E
−
1 )
3E−2
+(E−1 )
2E−2 E
−
1 E
−
2 (−3 · 2− 3A21)︸ ︷︷ ︸
3
(E−1 )
2E−2 }|Λ〉
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In this formula, the first two terms within the braces are omitted because of the zero
factor. The third term is
W
′
[−3,1]
= 3〈Λ|E+2 (E+1 )3E+2 E+1 E+2 {(−2− 2(3A21 + 3A11))︸ ︷︷ ︸
4
E−1 E
−
2 E
−
1 E
−
2 (E
−
1 )
2E−2
+(E−1 )
2E−2 (−2A21 − 2A11)︸ ︷︷ ︸
2
E−2 (E
−
1 )
2E−2 + (E
−
1 )
2E−2 E
−
1 E
−
2 (−2− 2A21)︸ ︷︷ ︸
4
E−1 E
−
2 }|Λ〉
= 3(4W
′
[−3,1]1
+ 2W
′
[−3,1]2
+ 4W
′
[−3,1]3
)
where we denote the three none zero terms as W
′
[−3,1]1
,W
′
[−3,1]2
, W
′
[−3,1]3
, respectively. For
the first one, we have
W
′
[−3,1]1 = 〈Λ|E+2 (E+1 )3E+2 E+1 E+2 |E−1 E−2 E−1 E−2 (E−1 )2E−2 |Λ〉
= 〈Λ|E+2 (E+1 )3E+2 E+1 {E−1 (−3A12 − 2A22 + λ2)︸ ︷︷ ︸
0
E−1 E
−
2 (E
−
1 )
2E−2
+E−1 E
−
2 E
−
1 (−2A12 − A22 + λ2)︸ ︷︷ ︸
1
(E−1 )
2E−2 }|Λ〉
= 〈Λ|E+2 (E+1 )3E+2 {(−2A21 − 3A11)︸ ︷︷ ︸
0
E−2 (E
−
1 )
3E−2
+E−1 E
−
2 (−3 · 2− 3A21)︸ ︷︷ ︸
3
(E−1 )
2E−2 |Λ〉
= 3〈Λ|E+2 (E+1 )3{E−1 (−2A12 − A22 + λ2)︸ ︷︷ ︸
1
(E−1 )
2E−2 + E
−
1 E
−
2 (E
−
1 )
2E−2 }︸ ︷︷ ︸
0(Proposition2)
|Λ〉
= 3〈Λ|E+2 (E+1 )3|(E−1 )3E−2 |Λ〉
= 3 · 36
As expected, the factor (λi−(n−1)−
∑m
b=1Ajb,i) becomes zero frequently. This vanishing
property reduces much computation work. For the second term, we have,
W
′
[−3,1]1
= 〈Λ|E+2 (E+1 )3E+2 E+1 E+2 |(E−1 )2E−2 E−2 (E−1 )2E−2 |Λ〉
= 〈Λ|E+2 (E+1 )3E+2 E+1 {(E−1 )2 (−2− 2(2A12 + A22) + 2λ2)︸ ︷︷ ︸
0
E−2 (E
−
1 )
2|Λ〉
= 0
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For the third one, we have
W
′
[−3,1]3
= 〈Λ|E+2 (E+1 )3E+2 E+1 {(E−1 )2 (−2A12 − 2A22 + λ2)︸ ︷︷ ︸
−1
E−1 E
−
2 E
−
1 E
−
2
+(E−1 )
2E−2 E
−
1 (−A12 −A22 + λ2)︸ ︷︷ ︸
0
E−1 E
−
2 |Λ〉
= −〈Λ|E+2 (E+1 )3E+2 {(−3 · 2− 3(2A21 + A11))︸ ︷︷ ︸
6
(E−1 )
2E−2 E
−
1 E
−
2
+(E−1 )
3E−2 (−A12)︸ ︷︷ ︸
3
E−2 |Λ〉
= −〈Λ|E+2 (E+1 )3{6(E−1 )2 (−A12 − A22 + λ2)︸ ︷︷ ︸
0
E−1 E
−
2 + 6 (E
−
1 )
2E−2 E
−
1 λ2︸ ︷︷ ︸
0(Proposition2)
+3(E−1 )
3 (−2 + 2λ2)︸ ︷︷ ︸
0
E−2 |Λ〉
= 0
Combining all the above results, the inner product is
W
′
[−3,1] = 3(4W
′
[−3,1]1
+ 2W
′
[−3,1]2
+ 4W
′
[−3,1]3
)
= 3(4 · 3 · 36 + 2 · 0 + 4 · 0) (3.19)
= 36 · 36
In the process of above computation, the term (λi− (n− 1)−
∑m
b=1Ajb,i) is to be zero
frequently. After performing many examples, we find it is a common phenomenon. By
virtue of this vanishing factor, the computational efficiency is improved remarkably and
the computation of the factor Ww in e
−χs(σ) is simplified.
Unfortunately, there is another computation difficulty pointed out at the end of Section
3.2. To define the vector |υw(ωˆ)〉, it is necessary to consider all the ways s reaching w
from the highest weight state. As shown in Fig.(2), each branch node increase the number
of paths. There are ten paths reaching weight [0, 0, 0, 0] from the highest weight state to
define the vector |υ[0,0,0,0](ωˆ)〉. With the rank of g rising, the number of paths reaching a
weight from the highest weight increase rapidly, as well as the number of weights. Twenty-
five vectors |υw(ωˆ)〉 need to be considered to compute e−χ2 . Note that we record the inner
product of the vector |υ[−3,1](ωˆ)〉 in one page. But for the vector |υ[0,−1](ωˆ)〉, we need
more than twenty pages to record the whole calculation process. For these weights in the
fundamental representation of G2 theory, we can compute the factors Ww by hand, but it
is unrealistic to compute the factors Ww by hand for Lie algebra of higher rank. In fact,
it is even difficult for personal computer to work out the factor e−χ2 of the D4 theory.
However, in the next section, we will find another construction of the solutions of KW
equations for semisimple Lie algebras of ADE type. This new formula of solutions does
not involve the factor Ww. Thus it bypass the computational difficulties contained in the
factor Ww.
4 Construction of solutions
In this section, we propose an amazing formula that can be used to reformulate the
solutions of KW equations for the Lie algebras of ADE type and the minuscule repre-
sentation. This new formula not only avoid computing the commutation of operators but
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Figure 2: Weights in the fundament representation ρ2 of D4. Each branch node increase
the number of paths s. There are ten paths reaching weight [0, 0, 0, 0] from the highest
weight to define the vector |υ[0,0,0,0](ωˆ)〉. Twenty-five vectors |υw(ωˆ)〉 need to be considered
to compute e−χ2 .
also avoid the difficulty related to the number of paths s in the definition of the vector
|υw(ωˆ)〉. We give an example in this section and more results in the appendix to support
our proposal. Unfortunately, there are no simple rules of the solutions for none simple
lattice Lie algebras.
4.1 ADE groups and the minuscule representations
According to Eq.(2.30), for a weight w = Λs −
n(w)∑
l=1
αjl, αjl ∈ ∆ in the fundament
representation ρs, the vector |υw(ωˆ)〉 is
|υw(ωˆ)〉 =
∑
s
n(w)∏
a=1
1
w(ωˆ)− wa(ωˆ)E
−
jn(w)
· · ·E−j1 |Λs〉.
Let us consider the term
〈υω(ωˆ)|υω(ωˆ)〉
∏
βa∈∆+
(βa(ωˆ))
−2〈w,βa〉/〈βa,βa〉. (4.1)
We have the following conjecture which can simplify the construction of the solutions of
KW equations.
Conjecture 1 For a weight w ∈ ∆s in the fundament representation ρs of the simple-
laced Lie algebras (An, Dn, E6, E7, E8), according to Eq.(3.5), we have
Fw =
∏
βa∈∆+
(βa(ωˆ))
−2〈w,βa〉/〈βa,βa〉 =
∏
βa∈∆+
(
rank(g)∑
i=1
aimi)
−
rank(g)∑
i=1
aiλi
=
Aw
Bw
, (4.2)
where the numerator Aw and denominator Bw have no common factor, with variables
mi. The sequences λ − kiαni , ki ∈ [0, · · · , n] along the simple root αni are elements in
the weight space ∆s, while λ + αni , λ − (n + 1)αni do not belong to the weight space. If
w 6= λ− kiαni, ki ∈ [1, · · · , n− 1], it is conjectured that
Ww · Fw = 〈υw(ωˆ)|υw(ωˆ)〉
∏
βa∈∆+
(βa(ωˆ))
−2〈w,βa〉/〈βa,βa〉 =
1
Aw · Bw (4.3)
which means
Ww = 〈υw(ωˆ)|υw(ωˆ)〉 = 1
(Aw)2
. (4.4)
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The terms Aw and Bw can be calculated by simple algebraic relations and do not involve
the computational difficulties in Ww = 〈υw(ωˆ)|υw(ωˆ)〉. According to the conjecture, all
the weight which are only in a string of two elements along a simple root satisfy Eq.(4.2).
And the first weight and last weight in a none two elements string also satisfy Eq.(4.2).
We reanalyze the example in Section 3.2 to illustrate the conjecture 1.
Example: fundamental representation ρ1 with the highest weight [1, 0] of A2.
• [1, 0]: according to Eq.(3.10), we have
F[1,0] =
1
(m1)(m2 +m1)
which implies Aw = 1 and Bw = (m1)(m2 +m1). Using Eq.(4.3), we get
W[1,0] · F[1,0] = 1
Aw ·Bw =
1
m1(m2 +m1)
.
• [−1, 1]: according to Eq.(3.12), we have
F[−1,1] =
m1
m2
.
which implies Aw = m1 and Bw = m2. Using Eq.(4.3), we get
W[−1,1] · F[−1,1] = 1
Aw · Bw =
1
m1m2
.
• [0,−1]: according to Eq.(3.14), we have
F[0,−1] = m2(m1 +m2).
which implies Aw = m2(m1 +m2) and Bw = 1. Using Eq.(4.3), we get
W[0,−1] · F[0,−1] = 1
Aw · Bw =
1
m2(m1 +m2)
.
The termsW[1,0] ·F[1,0], W[−1,1] ·F[−1,1] andW[0,−1] ·F[0,−1] are all consistent with the results
discussed in Section 3.2.
For some fundamental representations, such as ρ2 of D4 as shown in Fig.(2), the
weight [0, · · · , 0] is the only weight not in a string of two elements along a simple root.
For these cases, Fw = 1 in Eq.(3.2). One would speculate that Aw = Bw which means
Ww·Fw = 1A2w . However, this naive guess is not collect. A counterexample,W[0,1,0,0]·F[0,1,0,0]
in the fundamental representation ρ2 of D4, is given in Appendix A.
When the weight [0, · · · , 0] is the only weight not in a string of two elements along
a simple root in the weight space ∆s, we can reformulate e
−χs(σ) using the boundary
condition Eq.(2.23). According to this boundary condition, we have∑
w
Ww · Fw|σ=0 = 0.
This formula implies
W[0,··· ,0] · F[0,··· ,0] = −
∑
w′
Ww′ · Fw′ = −
∑
w′
1
Aw′ · Bw′
(4.5)
where w
′
denotes the exclusion of [0, · · · , 0]. Thus, we can construct e−χs(σ) as follows
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Proposition 3 For the simple-laced Lie algebras (An, Dn, E6, E7, E8), if [0, 0, · · · , 0] is
the only weight not in a string of two elements along a simple root in the fundament
representation ρs, using Eq.(4.5), we have
e−χs(σ) = 2−Bs(
∑
w∈∆′s
[
Ew · 1
Aw · Bw
]
+W[0,··· ,0] · F[0,··· ,0]) = 2−Bs
∑
w∈∆′s
1
Aw · Bw [Ew − 1]
where Aw and Bw are defined in Eq.(4.2) and ∆
′
s denotes the exclusion of the weight
[0, · · · , 0] in ∆s.
Examples of solutions using the above formula are given in Appendix A.
For the minuscule representations, all the strings are two terms long in the weight
spaces, with the fundamental weight as the highest weight. The following table is a
complete list of minuscule fundamental weights for simple Lie algebras [19].
Minuscule fundamental weights for simple Lie algebras1
Type {i: ωi is minuscule }
Al 1, 2, · · · , l
Bl l
Cl 1
Dl 1, l − 1, l
E6 1,5
E7 6
E8 none
F4 none
G2 none
For the minuscule representations, we have the following conjecture
Conjecture 2 For a weight w ∈ ∆s in the minuscule representation ρs, according to
Eq.(3.4), we have
Fw =
∏
βa∈∆+
(βa(ωˆ))
−2 〈w,βa〉
〈βa,βa〉 =
∏
βa∈∆+
(
rank(g)∑
i=1
aimi)
−2
rank(g)∑
i=1
aiλi|αi|
2
rank(g)∑
i=1
rank(g)∑
j=1
aiajAij |αj |
2
=
Aw
Bw
(4.6)
where the numerator Aw and denominator Bw have no common factor, with variables mi.
We have the following conjecture
Ww · Fw = 〈υw(ωˆ)|υw(ωˆ)〉
∏
βa∈∆+
(βa(ωˆ))
−2〈w,βa〉/〈βa,βa〉 =
1
Aw · Bw .
We check this conjecture as far as we can and obtain results are consistent with the
results computed by Mikhaylov’s conjecture. This conjecture is consistent with the Con-
jecture 1, since all the strings are two terms long in the weight spaces for the minuscule
representations of ADE groups.
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1 2 1 1 2 181, 0< 8-1, 1< 82, -1< 80, 0< 8-2, 1< 81, -1< 8-1, 0<
Figure 3: Weights in the fundament representation ρ1 of G2. Seven vectors |υw(ωˆ)〉 need
to be considered to compute e−χ1.
4.2 None simple lattice Lie algebras
For the fundamental representations of none simple lattice Lie algebras except the minus-
cule representations, only part of the weights satisfy the formula (4.3). However, there is
no simple rule to fix them.
In this subsection, we collect explicit formulas of solutions for G2 group
2 and F4
group. For theses weight w satisfy the formula (4.3), we give only the factor Fw which are
enough to construct the factor Ww. Otherwise we give the factors Fw and Ww together.
There is a triple line in the Dynkin diagram of G2. For the weight w does not satisfy
the formula (4.3), if w 6= [0, 0, · · · , 0], we find
Ww · Fw = 〈υw(ωˆ)|υw(ωˆ)〉
∏
βa∈∆+
(βa(ωˆ))
−2〈w,βa〉/〈βa,βa〉 ∝ ng
Aw ·Bw
where Aw and Bw are defined in Eq.(4.2). And ng is the ratio of the length squared of the
long and short roots of G; it equals 2 for F4 and 3 for G2.
The weights in the first fundamental representation ρ[1,0] are shown in Fig.(3). The
factors Fw and Ww corresponding to w are given as follows
F[1,0] = m2 (m1 +m2) (m1 + 2m2)
2 (m1 + 3m2) (2m1 + 3m2)
F[−1,1] =
m2
m1 (m1 +m2) 2 (m1 + 2m2) (2m1 + 3m2)
F[2,−1] =
m1 (m1 +m2)
m22 (m
2
1 + 5m1m2 + 6m
2
2)
F[−2,1] =
m22 (m1 + 2m2) (m1 + 3m2)
m1 (m1 +m2)
F[1,−1] =
m1 (m1 +m2)
2 (m1 + 2m2) (2m1 + 3m2)
m2
F[−1,0] = m2 (m1 +m2) (m1 + 2m2)
2 (m1 + 3m2) (2m1 + 3m2) .
We find only the weight [0, 0] does not satisfy the formula (4.3).
F[0,0] = 1
W[0,0] =
2
m22 (m
2
1 + 3m1m2 + 2m
2
2)
2
.
The weights in the first fundamental representation ρ[1,0] are shown in Fig.(1). The
2The solutions of KW equation for G2 group are determined in [7].
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factors Fw and Ww corresponding to w are given as follows
F[0,1] = m1 (m1 +m2)
3 (m1 + 2m2)
3 (m1 + 3m2) (2m1 + 3m2)
2
F[3,−1] =
m1
m32 (m1 + 2m2)
3 (m1 + 3m2) 2 (2m1 + 3m2)
F[−3,2] =
m32 (m1 + 3m2)
m21 (m1 +m2)
3 (2m1 + 3m2)
F[3,−2] =
m21 (m1 +m2)
3 (2m1 + 3m2)
m32 (m1 + 3m2)
F[−3,1] =
m32 (m1 + 2m2)
3 (m1 + 3m2)
2 (2m1 + 3m2)
m1
F[0,−1] = m1 (m1 +m2)
3 (m1 + 2m2)
3 (m1 + 3m2) (2m1 + 3m2)
2
and
F[0,0] = 1
W[0,0] =
24 (m21 + 3m1m2 + 3m
2
2)
m21m
2
2 (m1 +m2)
2 (2m1 + 3m2) 2 (m21 + 5m1m2 + 6m
2
2)
2
F[1,0] =
1
m2 (m1 +m2) (m1 + 2m2) 2 (m1 + 3m2) (2m1 + 3m2)
W[1,0] =
3
m32 (m1 +m2)
3 (m1 + 2m2) 2 (2m
2
1 + 9m1m2 + 9m
2
2)
F[−1,1] =
m2
m1 (m1 +m2) 2 (m1 + 2m2) (2m1 + 3m2)
W[−1,1] =
3
m1m
3
2 (m1 +m2)
2 (m1 + 2m2) 3 (2m1 + 3m2)
F[2,−1] =
m1 (m1 +m2)
m22 (m
2
1 + 5m1m2 + 6m
2
2)
W[2,−1] =
3
m1m
2
2 (m1 +m2)
3 (m1 + 2m2) 3 (m1 + 3m2)
F[−2,1] =
m22 (m1 + 2m2) (m1 + 3m2)
m1 (m1 +m2)
W[−2,1] =
3
m1m22 (m1 +m2)
3 (m1 + 2m2) 3 (m1 + 3m2)
F[1,−1] =
m1 (m1 +m2)
2 (m1 + 2m2) (2m1 + 3m2)
m2
W[1,−1] =
3
m1m32 (m1 +m2)
2 (m1 + 2m2) 3 (2m1 + 3m2)
F[−1,0] = m2 (m1 +m2) (m1 + 2m2)
2 (m1 + 3m2) (2m1 + 3m2)
W[−1,0] =
3
m32 (m1 +m2)
3 (m1 + 2m2) 2 (m1 + 3m2) (2m1 + 3m2)
19
Besides the weight [0, 0], the weights [1, 0],[−1, 1],[2,−1], [−2, 1], [1,−1], and [−1, 0] also
does not satisfy the formula (4.3).
F[1,0] ·W[1,0] = 3
m22 (m1 +m2)
2
F[−1,1] ·W[−1,1] = 3
m22 (m1 + 2m2)
2
F[2,−1] ·W[2,−1] = 3
(m1 +m2) 2 (m1 + 2m2) 2
F[−2,1] ·W[−2,1] = 3
(m1 +m2) 2 (m1 + 2m2) 2
F[1,−1] ·W[1,−1] = 3
m22 (m1 + 2m2)
2
F[−1,0] ·W[−1,0] = 3
m22 (m1 +m2)
2
For F4 group, we only present results of the first fundamental representation ρ[1,0,0,0]
in order to save space.
exp(−χ1)
= 2
−B[1,0,0,0] (EWF
′
(σ) +WF[0,0,0,0])
=
1
512
(
3 cosh (−2σm2)
m1m
2
2 (m1 +m2)
3 (m1 + 2m2) 3 (m1 + 3m2)
+
cosh (2σ (2m1 + 3m2)
m1 (m1 +m2) 3 (m1 + 2m2) 3 (m1 + 3m2) (2m1 + 3m2) 2
−
3 cosh (2σ (m1 +m2))
m1m
3
2 (m1 +m2)
2 (m1 + 2m2) 3 (2m1 + 3m2)
−
cosh (2σ (m1 + 3m2))
m1m
3
2 (m1 + 2m2)
3 (m1 + 3m2) 2 (2m1 + 3m2)
+
cosh (2σm1)
m21m
3
2 (m1 +m2)
3 (m1 + 3m2) (2m1 + 3m2)
+
3 cosh (2σ (m1 + 2m2))
m32 (m1 +m2)
3 (m1 + 2m2) 2 (m1 + 3m2) (2m1 + 3m2)
−
12
(
m21 + 3m1m2 + 3m
2
2
)
m21m
2
2 (m1 +m2)
2 (m1 + 2m2) 2 (m1 + 3m2) 2 (2m1 + 3m2) 2
).
Only the weight [0, 0, 0, 0] does not satisfy the formula (4.3). By using formula (4.5), it
is easy to find
WF[0,0,0,0] = −
12
(
m21 + 3m1m2 + 3m
2
2
)
m21m
2
2 (m1 +m2)
2 (m1 + 2m2) 2 (m1 + 3m2) 2 (2m1 + 3m2) 2
).
5 Summary and open problems
In [7], Mikhaylov conjectured the solutions of KW equations for a boundary ’t Hooft
operator. In order to prove this conjecture, one need to check the boundary condi-
tion (3.1). However, there are two computational difficulties to construct the solutions
Eq.(2.32) explicitly. One difficulty relate to the commutation of generators of Lie algebra
in Ww. With the rank of Lie algebra g increasing, the commutation work of the operators
increases rapidly. We derived an identity (Proposition 1) which simplifies the calcula-
tion effectively. The computational efficiency is improved remarkably, since the factor
(λi − (n − 1) −
∑m
b=1Ajb,i) vanish from time to time in the computation process. The
other difficulty involves the number of paths s reaching a weight in the fundamental rep-
resentation from the highest weight. With the rank of g increasing, the number of paths
s in the fundament representation as well as the number of weight w increase rapidly.
For the weights in the minuscule representations and certain weights in the fundamental
representations for gauge groups of ADE type, we conjecture a formula to rewrite the
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factorsWw ·Fw by the co-prime numerator Aw and denominator Bw of Fw, thus bypassing
the above two computational difficulties coded in the factor Ww.
We have to point out that not all the weights of a fundamental representation are
in a string of two elements along a simple root except the minuscule fundamental repre-
sentations. Thus we can only simplify the constructions of the factor Ew ·Ww · Fw for
parts of weights for most fundamental representations. Notwithstanding its limitation,
the Conjecture 1 and Conjecture 2 are helpful in some special case. According to the table
of minuscule fundamental weights in Section 4.1, weights in all the fundament represen-
tations of An algebra satisfy Eq.(4.2). So the solutions of KW equations for An algebra
can be constructed completely using the identity (4.2).
Clearly more work is needed. The proof of the formula of solutions (2.32) for general
gauge group G is still an open problem. The conjecture 1 also need to be proved. The
conjecture 2 may be proved by following Mikhaylov’s proof in the An case. It is also
interesting to construct solutions of KW equations for the boundary surface operator of
arbitrary gauge group G on a half space. Instead of one side boundary, we can consider
a two-sided problem on R3 × I, where I is a compact interval with ’t Hooft operator or
surface operator in the boundaries [3]. We can also consider the case when R3 is replaced
by S3.
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A Summary of some relevant results for ADE groups
In the appendix of [7], Mikhaylov collected solutions of KW equations for the algebras
A1, A2, A3, B2 and G2. In this appendix, we collect more explicit formulas for the ’t Hooft
operator solutions for other algebras. We present the completely solutions for A4 and D4.
We check these solutions by the conjecture 1, getting completely consistency results. The
solutions for E6, E7, and E8 are not presented here since even the simplest factor e
−χ1(σ)
for E6 need more then five pages to record.
A4, [1, 0, 0, 0]
exp(−χ1) =
1
64
(−
e
−
2
5
σ(m1+2m2+3m3−m4)
m3 (m2 +m3) (m1 +m2 +m3)m4
+
e
−
2
5
σ(m1+2m2−2m3−m4)
m2 (m1 +m2)m3 (m3 +m4)
−
e
−
2
5
σ(m1−3m2−2m3−m4)
m1m2 (m2 +m3) (m2 +m3 +m4)
+
e
2
5
σ(4m1+3m2+2m3+m4)
m1 (m1 +m2) (m1 +m2 +m3) (m1 +m2 +m3 +m4)
+
e
−
2
5
σ(m1+2m2+3m3+4m4)
m4 (m3 +m4) (m2 +m3 +m4) (m1 +m2 +m3 +m4)
)
3It can be downloaded from http://www-math.univ-poitiers.fr/∼maavl/LiE/.
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[0, 1, 0, 0] :
exp(−χ2) =
1
64
(
e
−
2
5
σ(2m1+4m2+m3−2m4)
m2 (m1 +m2) (m2 +m3) (m1 +m2 +m3)m4 (m3 +m4)
−
e
−
2
5
σ(2m1−m2+m3−2m4)
m1m2m3 (m1 +m2 +m3)m4 (m2 +m3 +m4)
+
e
−
2
5
σ(2m1−m2−2(2m3+m4))
m1 (m1 +m2)m3 (m2 +m3) (m3 +m4) (m2 +m3 +m4)
−
e
2
5
σ(3m1+m2−m3−3m4)
m1 (m1 +m2) (m1 +m2 +m3)m4 (m3 +m4) (m2 +m3 +m4)
+
e
2
5
σ(3m1+m2−m3+2m4)
m1 (m1 +m2)m3 (m2 +m3)m4 (m1 +m2 +m3 +m4)
−
e
2
5
σ(3m1+m2+4m3+2m4)
m1m2m3 (m1 +m2 +m3) (m3 +m4) (m1 +m2 +m3 +m4)
+
e
−
2
5
σ(2m1−m2+m3+3m4)
m1m2 (m2 +m3)m4 (m3 +m4) (m1 +m2 +m3 +m4)
+
e
2
5
σ(3m1+6m2+4m3+2m4)
m2 (m1 +m2) (m2 +m3) (m1 +m2 +m3) (m2 +m3 +m4) (m1 +m2 +m3 +m4)
−
e
−
2
5
σ(2m1+4m2+m3+3m4)
m2 (m1 +m2)m3m4 (m2 +m3 +m4) (m1 +m2 +m3 +m4)
+
e
−
2
5
σ(2m1+4m2+6m3+3m4)
m3 (m2 +m3) (m1 +m2 +m3) (m3 +m4) (m2 +m3 +m4) (m1 +m2 +m3 +m4)
)
[0, 0, 1, 0] :
exp(−χ3) =
1
64
(
e
2
5
σ(2m1+4m2+m3−2m4)
m2 (m1 +m2) (m2 +m3) (m1 +m2 +m3)m4 (m3 +m4)
−
e
2
5
σ(2m1−m2+m3−2m4)
m1m2m3 (m1 +m2 +m3)m4 (m2 +m3 +m4)
+
e
2
5
σ(2m1−m2−2(2m3+m4))
m1 (m1 +m2)m3 (m2 +m3) (m3 +m4) (m2 +m3 +m4)
−
e
−
2
5
σ(3m1+m2−m3−3m4)
m1 (m1 +m2) (m1 +m2 +m3)m4 (m3 +m4) (m2 +m3 +m4)
+
e
−
2
5
σ(3m1+m2−m3+2m4)
m1 (m1 +m2)m3 (m2 +m3)m4 (m1 +m2 +m3 +m4)
−
e
−
2
5
σ(3m1+m2+4m3+2m4)
m1m2m3 (m1 +m2 +m3) (m3 +m4) (m1 +m2 +m3 +m4)
+
e
2
5
σ(2m1−m2+m3+3m4)
m1m2 (m2 +m3)m4 (m3 +m4) (m1 +m2 +m3 +m4)
+
e
−
2
5
σ(3m1+6m2+4m3+2m4)
m2 (m1 +m2) (m2 +m3) (m1 +m2 +m3) (m2 +m3 +m4) (m1 +m2 +m3 +m4)
−
e
2
5
σ(2m1+4m2+m3+3m4)
m2 (m1 +m2)m3m4 (m2 +m3 +m4) (m1 +m2 +m3 +m4)
+
e
2
5
σ(2m1+4m2+6m3+3m4)
m3 (m2 +m3) (m1 +m2 +m3) (m3 +m4) (m2 +m3 +m4) (m1 +m2 +m3 +m4)
)
[0, 0, 0, 1] :
exp(−χ4) =
1
64
(−
e
2
5
σ(m1+2m2+3m3−m4)
m3 (m2 +m3) (m1 +m2 +m3)m4
+
e
2
5
σ(m1+2m2−2m3−m4)
m2 (m1 +m2)m3 (m3 +m4)
−
e
2
5
σ(m1−3m2−2m3−m4)
m1m2 (m2 +m3) (m2 +m3 +m4)
+
e
−
2
5
σ(4m1+3m2+2m3+m4)
m1 (m1 +m2) (m1 +m2 +m3) (m1 +m2 +m3 +m4)
+
e
2
5
σ(m1+2m2+3m3+4m4)
m4 (m3 +m4) (m2 +m3 +m4) (m1 +m2 +m3 +m4)
)
For D4, the cartan matrix is 

2 −1 0 0
−1 2 −1 −1
0 −1 2 0
0 −1 0 2

 .
The weights in the fundamental representation ρ[0,1,0,0] are shown in Fig.(2).
[1, 0, 0, 0]:
exp(−χ1) =
−
cosh (σ (m3 −m4))
m3 (m2 +m3) (m1 +m2 +m3)m4 (m2 +m4) (m1 +m2 +m4)
+
cosh (σ (m3 +m4))
m2 (m1 +m2)m3m4 (m2 +m3 +m4) (m1 +m2 +m3 +m4)
−
cosh (σ (2m2 +m3 +m4))
m1m2 (m2 +m3) (m2 +m4) (m2 +m3 +m4) (m1 + 2m2 +m3 +m4)
+
cosh (σ (2m1 + 2m2 +m3 +m4))
m1 (m1 +m2) (m1 +m2 +m3) (m1 +m2 +m4) (m1 +m2 +m3 +m4) (m1 + 2m2 +m3 +m4)
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[0, 1, 0, 0]:
exp(−χ2)
= 2
−B[0,1,0,0] (EWF
′
(σ) +WF[0,0,0,0])
=
1
32
(
cosh (2σm1)
m21m2 (m1 +m2) (m2 +m3) (m1 +m2 +m3) (m2 +m4) (m1 +m2 +m4) (m2 +m3 +m4) (m1 +m2 +m3 +m4)
+
cosh (−2σm3)
m2 (m1 +m2)m
2
3 (m2 +m3) (m1 +m2 +m3) (m2 +m4) (m1 +m2 +m4) (m2 +m3 +m4) (m1 +m2 +m3 +m4)
+
cosh (−2σm4)
m2 (m1 +m2) (m2 +m3) (m1 +m2 +m3)m
2
4 (m2 +m4) (m1 +m2 +m4) (m2 +m3 +m4) (m1 +m2 +m3 +m4)
+
cosh (2σ (−m1 − 2m2 −m3 −m4))
m2 (m1 +m2) (m2 +m3) (m1 +m2 +m3) (m2 +m4) (m1 +m2 +m4)
·
1
(m2 +m3 +m4) (m1 +m2 +m3 +m4) (m1 + 2m2 +m3 +m4) 2
−
cosh (2σ (−m1 −m2))
m1m2 (m1 +m2) 2m3 (m1 +m2 +m3)m4 (m1 +m2 +m4) (m2 +m3 +m4) (m1 + 2m2 +m3 +m4)
−
cosh (2σ (−m2 −m3))
m1m2m3 (m2 +m3) 2 (m1 +m2 +m3)m4 (m1 +m2 +m4) (m2 +m3 +m4) (m1 + 2m2 +m3 +m4)
−
cosh (2σ (−m2 −m4))
m1m2m3 (m1 +m2 +m3)m4 (m2 +m4) 2 (m1 +m2 +m4) (m2 +m3 +m4) (m1 + 2m2 +m3 +m4)
−
cosh (2σ (−m1 −m2 −m3 −m4))
m1m2m3 (m1 +m2 +m3)m4 (m1 +m2 +m4) (m2 +m3 +m4) (m1 +m2 +m3 +m4) 2 (m1 + 2m2 +m3 +m4)
−
cosh (2σm2)
m1m
2
2 (m1 +m2)m3 (m2 +m3)m4 (m2 +m4) (m1 +m2 +m3 +m4) (m1 + 2m2 +m3 +m4)
+
cosh (2σ (−m1 −m2 −m3))
m1 (m1 +m2)m3 (m2 +m3) (m1 +m2 +m3) 2m4 (m2 +m4) (m1 +m2 +m3 +m4) (m1 + 2m2 +m3 +m4)
+
cosh (2σ (−m1 −m2 −m4))
m1 (m1 +m2)m3 (m2 +m3)m4 (m2 +m4) (m1 +m2 +m4) 2 (m1 +m2 +m3 +m4) (m1 + 2m2 +m3 +m4)
+
cosh (2σ (−m2 −m3 −m4))
m1 (m1 +m2)m3 (m2 +m3)m4 (m2 +m4) (m2 +m3 +m4) 2 (m1 +m2 +m3 +m4) (m1 + 2m2 +m3 +m4)
−WF[0,0,0,0])
We split the term
∑
w∈∆s
[Ew ·Ww · Fw] in (3.3) into two parts. The term Ew ·Ww · Fw
with the weight [0, · · · , 0] is denoted as WF[0,0,0,0]. And the other terms are denoted as
EWF
′
(σ).
[0, 0, 1, 0]:
exp(−χ3) =
1
1024
(−
eσ(m1−m4)
m1 (m1 +m2) (m1 +m2 +m3)m4 (m2 +m4) (m2 +m3 +m4)
−
eσ(−m1+m4)
m1 (m1 +m2) (m1 +m2 +m3)m4 (m2 +m4) (m2 +m3 +m4)
+
e−σ(m1+m4)
m1m2 (m2 +m3)m4 (m1 +m2 +m4) (m1 +m2 +m3 +m4)
+
eσ(m1+m4)
m1m2 (m2 +m3)m4 (m1 +m2 +m4) (m1 +m2 +m3 +m4)
−
e−σ(m1+2m2+m4)
m2 (m1 +m2)m3 (m2 +m4) (m1 +m2 +m4) (m1 + 2m2 +m3 +m4)
−
eσ(m1+2m2+m4)
m2 (m1 +m2)m3 (m2 +m4) (m1 +m2 +m4) (m1 + 2m2 +m3 +m4)
+
e−σ(m1+2m2+2m3+m4)
m3 (m2 +m3) (m1 +m2 +m3) (m2 +m3 +m4) (m1 +m2 +m3 +m4) (m1 + 2m2 +m3 +m4)
+
eσ(m1+2m2+2m3+m4)
m3 (m2 +m3) (m1 +m2 +m3) (m2 +m3 +m4) (m1 +m2 +m3 +m4) (m1 + 2m2 +m3 +m4)
)
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[0, 0, 0, 1]:
exp(−χ4) =
1
1024
(−
eσ(m1−m3)
m1 (m1 +m2)m3 (m2 +m3) (m1 +m2 +m4) (m2 +m3 +m4)
−
eσ(−m1+m3)
m1 (m1 +m2)m3 (m2 +m3) (m1 +m2 +m4) (m2 +m3 +m4)
+
e−σ(m1+m3)
m1m2m3 (m1 +m2 +m3) (m2 +m4) (m1 +m2 +m3 +m4)
+
eσ(m1+m3)
m1m2m3 (m1 +m2 +m3) (m2 +m4) (m1 +m2 +m3 +m4)
−
e−σ(m1+2m2+m3)
m2 (m1 +m2) (m2 +m3) (m1 +m2 +m3)m4 (m1 + 2m2 +m3 +m4)
−
eσ(m1+2m2+m3)
m2 (m1 +m2) (m2 +m3) (m1 +m2 +m3)m4 (m1 + 2m2 +m3 +m4)
+
e−σ(m1+2m2+m3+2m4)
m4 (m2 +m4) (m1 +m2 +m4) (m2 +m3 +m4) (m1 +m2 +m3 +m4) (m1 + 2m2 +m3 +m4)
+
eσ(m1+2m2+m3+2m4)
m4 (m2 +m4) (m1 +m2 +m4) (m2 +m3 +m4) (m1 +m2 +m3 +m4) (m1 + 2m2 +m3 +m4)
)
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